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The construction of an approximate model of a type of heat ex- 
changer described by partial differential equations is discussed. A 
form of transfer function for this approximate model is proposed to- 
gether with a calculation method and a block diagram for analog 
simulation purposes, 

The a p p r o x i m a t e  d e s c r i p t i o n  of the t r a n s i e n t  p r o -  
c e s s e s  in h e a t  e x c h a n g e r s  with d i s t r i b u t e d  p a r a m e t e r s  
is  i m p o r t a n t  in the  a n a l y s i s  of the  con t ro l  p r o c e s s .  
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Fig.  1. Schema t i c  of hea t  
exchange r :  1) tube,  2) flow, 

3) i n su l a t i on .  

The solutions of the systems of partial differential 

equations describing the heat-exchange process are 
quite complicated [i, 2]. Therefore the transfer func- 
tions cannot be set up directly on analog computers. 

The purpose of this paper is to examine an approx- 
imation of the transfer function for an insulated tube 

(Fig. I) through which a heat transfer agent flows at 
constant velocity. 

We will find the approximation of the transfer func- 
tion in the form [2] 

W (p) = t s (p)/t~ (p), 

w h e r e  tl(p) i s  the Lap lace  t r a n s f o r m  for  the in le t  t e m -  
p e r a t u r e  t l  of the  hea t  t r a n s f e r  agent ,  and tz(p) i s  the 
t r a n s f o r m  for  the  ou t le t  t e m p e r a t u r e  t2. 

In d e r i v i n g  the equat ions  of d y n a m i c s  the fo l lowing 
a s s u m p t i o n s  a r e  made :  

1. The wal l  of the tube is  t r e a t e d  as  a lumped  t h e r -  
ma l  capac i t ance .  

2. The t e m p e r a t u r e  of the wal l  s u r f a c e  in contac t  
with the hea t  t r a n s f e r  agent  is  t aken  equal  to some  
mean  t e m p e r a t u r e .  

3. Heat conduct ion along the ax i s  of the  tube is  not  
taken  into account  e i t h e r  for  the  wal l  o r  for  the  f low. 

4. The t h e r m a l  insu la t ion  of the tube i s  a s s u m e d  to 
be idea l .  

Using  the  s a m e  t e r m i n o l o g y  as  in [2], we w r i t e  the  
hea t  ba l a nc e  equat ions  for  an e l e m e n t  dx of the hea t  
t r a n s f e r  agent  and the  wal l :  

Ot (x, "0 Ot (x, ~) + ~ _ _  kl  [v (x, , )  - -  t (x, ~)], 
O~ Ox 

Or(x,  ~) = ks [t (x, ~ ) -  v (x, ~)], 
0z 

w h e r e  k 1 = ~iL1/CiT1S1 i s  the cons tan t  coef f ic ien t  of 
the  hea t  b a l a n c e  equat ion for  the  hea t  t r a n s f e r  agent;  
k 2 = oglLI/C2T2S 2 is  the cons tan t  coef f ic ien t  of the  hea t  
ba l a nc e  equat ion for  the  tube wal l .  

The in i t i a l  condi t ions  a r e  t aken  as the z e r o  condi -  
t ions .  The boundary  condi t ion  i s  

t (0, , )  = tl (~). 

Seve ra l  au thor s  [1, 2] have  s o l v e d  th i s  s y s t e m  of 
d i f f e r e n t i a l  equa t ions  u s ing  the Lap lace  t r a n s f o r m a -  
t ion.  

The t r a n s f e r  funct ion of the out le t  t e m p e r a t u r e  as 
a function of the  in le t  t e m p e r a t u r e  for  an i n su l a t ed  
tube without  a l lowance  for  hea t  conduct ion in  the  wa l l s  
m a y  be w r i t t e n  as  fo l lows :  

= exp (- -  p %) exp ( - -  bo) exp ( 1 +b~~ ) , W 60) 

w h e r e  To = l / w  i s  the  t r a n s p o r t  lag;  T = 1 / k  the t i m e  
cons tan t  of the  tube,  which does  not depend on the 
tube length;  and b 0 = / k l / W  the " d i m e n s i o n l e s s  length  h -  
a quant i ty  p r o p o r t i o n a l  to the length  of the  tube.  

The a m p l i t u d e - p h a s e  r e s p o n s e  for  the given s y s t e m  
has  the  fol lowing f o r m :  

w h e r e  

W (] o) = a i exp ( - - j  %), 

a r = e x p  l+TZr 2 b ~  b~  

~ i  = - -  ~o'% - -  b o o~ T / (  i + co s T~). 

F i g u r e  2 shows the a m p l i t u d e - f r e q u e n c y  and p h a s e -  
f r equency  r e s p o n s e s  of th is  s y s t e m  for  s e v e r a l  va lues  
of b0; in th i s  c a se  T o = 0 (the addi t ional  phase  shif t  due 
to th i s  l ag  is  Tow), and the  f r equency  is  n o r m a l i z e d  to 
the  t i m e  cons tan t  of the  tube T. 

The t r a n s i e n t  r e s p o n s e s  to  s t epwise  v a r i a t i o n  of 
the  in le t  t e m p e r a t u r e  fo r  s e v e r a l  va lues  of b0, shown 
in Fig.  3, we re  c o n s t r u c t e d  by the method  d e s c r i b e d  
in [3]. (The t ime  axis  is  n o r m a l i z e d  to the t ime  con-  
s tan t  T. ) 
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F ig .  2. C o m p a r i s o n  of a m p l i t u d e - f r e q u e n c y  and p h a s e - f r e q u e n c y  
r e s p o n s e s  fo r  the  heat  t r a n s f e r  p r o c e s s  in an i n s u l a t e d  tube  and 
i t s  a p p r o x i m a t e  mode l  ('r 0 = 0): 1, 2, 3, 4 for  b 0 = 0.5, 1.0, 1.5 
and 2.0;  so l id  l ine  is  the  e x a c t  so lu t ion;  dashed  l ine  i s  the  ap -  

p r o x i m a t e  so lu t ion .  
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Fig. 3. Comparison of transient responses 
to stepvvise variation of the inlet tempera- 
ture for the heat transfer process in an in- 
sulated tube and i t s  a p p r o x i m a t e  mode l  

(T 1 = (T -- T0)/T). Solid l ine  is  the e x a c t  
so lu t ion;  dashed  l ine is  the a p p r o x i m a t e  

solut ion;  1 - 4 ,  see  Fig.  2. 

X: t 



262 

It is  i n t e r e s t i n g  to note  tha t  the shape  of the t r a n s -  
ien t  r e s p o n s e  cu rve  does  not depend on the l iquid 
t r a n s p o r t  t i m e ,  al though it does  depend on the f low 
ve loc i ty .  
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Fig .  4. Analog  c i r c u i t  for  so lv ing  t r a n s f e r  
funct ion of the e l e m e n t  d e t e r m i n e d  by the  

hea t  t r a n s f e r  p r o c e s s .  

In some  a p p r o x i m a t i o n  the ac tua l  p h y s i c a l  p r o c e s s  
of hea t  t r a n s f e r  in an in su l a t ed  tube can be r e p r e s e n t -  
ed as  fo l lows:  fo l lowing an abrup t  i n c r e a s e  in the 
t e m p e r a t u r e  of the  l iquid  en t e r ing  at one end of the  
t u b e  the  t e m p e r a t u r e  of  the  l iquid  at the  tube ou t le t  
does  not r i s e  dur ing  the t i m e  r e q u i r e d  to t r a n s p o r t  the  
l iquid  a long the  length  of the tube.  As soon as  t r a n s -  
p o r t a t i o n  i s  comple te ,  hot  l iquid ,  whose t e m p e r a t u r e  
has  been  r e d u c e d  by the cold  tube,  f lows out. Then, as  
each  sec t ion  of the  tube is  hea ted ,  the out le t  t e m p e r -  
a tu re  of the  flow p r o g r e s s i v e l y  r i s e s  to the s t eady  
s t a te .  

Thus,  a s  m a y  be seen  f r o m  the t r a n s f e r  funct ion 
i t s e l f  and the  d e s c r i p t i o n  of the p r o c e s s ,  the  t r a n s f e r  
function W(p) m a y  be  r e p r e s e n t e d  as  a pu re  de lay  e l e -  
ment ,  d e t e r m i n e d  by the t r a n s p o r t  l ag  of the  hea t  
t r a n s f e r  agent ,  connec ted  in s e r i e s  with an e l e m e n t  
d e t e r m i n e d  by the hea t  t r a n s f e r  p r o c e s s .  

We wil l  c o n s i d e r  the  hea t  t r a n s f e r  p r o c e s s  in th is  
s y s t e m  in de ta i l ,  neg lec t ing  the t e m p e r a t u r e  g r a d i e n t  
of the  tube in the d i r e c t i o n  of flow, i . e . ,  lumping  the 
t h e r m a l  c a p a c i t a n c e  of the tube.  

On the b a s i s  of our  a p p r o x i m a t i o n  of the p r o c e s s  
the  hea t  ba l ance  equat ion for  the hea t  t r a n s f e r  agent  
m a y  be wr i t t en  as  fo l lows:  

dt b o 
- ( v  - t ) .  

dx l 

Integrating this equation and considering that v does 
not depend on the coordinate x, we find the flow temp- 
erature at the tube outlet 

t~ = v + (t, - -  v) exp ( - -  bo). 

The hea t  ba l ance  equat ion fo r  the  wal l  is  

T d '  t ~ )  
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Solving th i s  s y s t e m  Of equat ions ,  and e l i m i n a t i n g  v, 
we obta in  the  t r a n s f e r  funct ion of the  hea t  t r a n s f e r  
p r o c e s s  in the fol lowing f o r m :  

W~ (p) --[exp (--bo)cTp + 1]/(cTp + 1), 

w h e r e  

c = bo/[l ~ c x p  ( - -  bo)J. 

The analog c i r c u i t  for  so lv ing  the g iven  t r  ansfe  r func-  
t ion is  shown in Fig .  4. In o r d e r  to se t  i tup ,  i t i s  n e c e s -  
s a r y t o  know the va lues  of the quan t i t i e s  T, b0, and c. 

C o m p a r i s o n  of the  c h a r a c t e r i s t i c  s p r e s e n t e d  in F i g s .  
2 and 3 shows qui te  good conve rgence  of the exac t  and 
a p p r o x i m a t e  t r a n s f e r  funct ions  a t  v a l u e s  of b 0 < 2. In 
o r d e r  to c h a r a c t e r i z e  the hea t  t r a n s f e r  s y s t e m  in an 
in su la t ed  tube with d i s t r i b u t e d  p a r a m e t e r s ,  in which 
the  " d i m e n s i o n l e s s  length" b 0 > 2, i t  is  n e c e s s a r y  
to  d iv ide  the pa r t  of the  tube c o n s i d e r e d  into indiv idual  
s e c t i o n s ,  so tha t  b 0 < 2, and c a l c u l a t e  f r o m  the 
g iven  va lues  of b 0 and T for  each  s e c t i on  a p p r o x i -  
ma te  t r a n s f e r  funct ions  of the type  c o n s i d e r e d ,  which 
a r e  then combined .  

Thus,  the  method  d e s c r i b e d  p e r m i t s  the ope ra t i ona l  
a p p r o x i m a t i o n  of t r a n s f e r  funct ions  of a s i m i l a r  type,  
i t  being suf f ic ien t  to d e t e r m i n e  t h e  va lues  of t h r e e  
quan t i t i e s :  the  t i m e  cons tan t  of the tube T, the "d imen-  
s i o n l e s s  length"  b0, and the  coef f i c ien t  of the  t i m e  con-  
s tant  c, which can e a s i l y  be found f r o m  the p h y s i c a l  
and des ign  p a r a m e t e r s  of the p r o c e s s .  

NOTATION 

t(x, T) i s  the t e m p e r a t u r e  of the hea t  t r a n s f e r  agent,  
~ v(x,  T) i s  the wal l  t e m p e r a t u r e ,  ~ w is  the f low 
ve loc i ty ,  m / s e c ;  x is  the  c oo rd ina t e  of length,  m;  7 
is  the v a r i a b l e  t i m e ,  sec;  k 1, k 2 a r e  the cons tan t  co-  
e f f i c i en t s  of the  hea t  ba l ance  equa t ions  fo r  the flow 
and the wai l ,  r e s p e c t i v e l y ,  i / s e c ;  ~1 is  the hea t  t r a n s -  
f e r  coef f ic ien t ,  k c a l / m  2 �9 sec  �9 ~ L 1 i s  the  in s ide  
d i a m e t e r  of tube,  m;  C 1 i s  the  spec i f i c  h e a t  c apac i ty  
of flow, k c a l / k g  �9 ~ Yl is  the  spec i f i c  weight  of flow, 
kg/m3;  S 1 is  the  i n t e rna l  c r o s s  sec t ion  of tube,  m2; 
C2 is  the  spec i f i c  hea t  c apac i ty  of the wall ,  k c a l / k g  �9 
�9 ~ Y2 i s  the spec i f i c  weight  of  the  wal ! m a t e r i a l ,  
kg/m3;  $2 is  the c r o s s  s e c t i on  of the  tube wal l ,  m2; 
To i s  the t r a n s p o r t  lag,  sec ;  l i s  the  length  of sec t ion  
of tube,  m;  T i s  the t ime  cons tan t  of tube,  sec;  b0 i s  
the " d i m e n s i o n l e s s  l eng th" ;  c i s  the coef f i c ien t  of the tube 
t ime  cons tan t ;  p is  the L a p l a c e  t r a n s f o r m a t i o n  with r e s -  
p e c t t o  the v a r i a b l e  T; r i s  the c y c l i c  f r equency ,  1 /sec .  
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